Abstract. We numerically model the instability of viscous incompressible fluid flows caused by torsional oscillations of the inner sphere in a thin spherical layer with respect to the state of rest. We show that an increase in the frequency of torsional oscillations leads to a change in the mode of the instability, with a transition from secondary flows in the form of Taylor vortices to the structures, which were not previously observed. The revealed instability is found in the frequency range from 0.61 to 2.45 Hz or, if the wavelengths are taken relative to the layer thickness, from 0.67 to 1.33.
Introduction
Flows caused by torsional oscillations can be used to determine rheological properties of fluids [1] and for intensifying filtration [2] . Periodic perturbations in the velocity may affect the transition to turbulence [3, 4] . Therefore it is important to have information on the stability limit and on the structure of secondary flows [1, 5] .
A possible dependence of the secondary flow structures and the types of instability of the oscillation frequency is of special interest. Such dependence was revealed based on the measurements of velocity fields in a cylindrical thin layer β = (r 2 -r 1 )/r 1 = 0.087, where r 1 and r 2 are the inner and outer radii [1, 5] . The structures resembling Taylor and Görtler vortices were observed in the low and high frequency limits, respectively. Subsequently, there was a knowledge gap about the structures in the intermediate frequency range. In a spherical layer with β = 4.3 [6] at torsional oscillations of the inner sphere the structure of secondary flows in two-dimensional calculations remains constant over a wide range of frequency variations. At other values of β, the dependence of the instability type on the frequency in spherical layers has not been previously studied.
The aim of this work is a numerical investigation of how the form of the secondary flow structures and stability limit depend on the frequency at torsional oscillations of the inner sphere with respect to the state of rest. To enable qualitative comparison of our results with [1, 5] , we model a thin layer β= 0.19 in which Taylor vortices appear at a constant rotational speed of the inner sphere at the stability limit [7] . An isothermal flow of a viscous incompressible fluid is described by the Navier-Stokes and continuity equations:
Methodology
We use a spherical coordinate system with radial r, polar θ, and azimuthal φ directions. The no-slip and non percolation conditions at the boundaries have the form: u φ (r = r 1,2 ) = Ω 1,2 (t)r 1,2 sinθ, u r (r = r 1,2 )= 0, u θ (r = r 1,2 ) = 0, where 1 denotes conditions for the inner sphere and 2 -for the outer one. Here, U, p, and ρ are the velocity, pressure, and density of the fluid; u φ , u r , and u θ are the azimuthal, radial, and polar components of the velocity, respectively. Ω k is the angular rotational speed of the corresponding sphere and ν is the kinematic viscosity of the fluid in the layer. The rotational speed of the inner sphere varies periodically: Ω 1 (t) = Asin(2πft), where A and f are the modulation amplitude and the frequency. The outer sphere is immobile: Ω 2 = 0. We have used the algorithm and numerical solution program [8] based on a finite-difference spatial discretization scheme for the Navier-Stokes equations and a semi-implicit Runge-Kutta scheme for integration with respect to time. The spatial discretization was performed with decreasing cell size near the boundaries (with respect to r) and the equatorial plane (with respect to θ). The ratio of the maximum to minimum cell size varied from 2 to 5 with a total number of nodes up to 4.6x10 5 . The computations were performed at the following dimension parameters: ν = 5 × 10 
Results and Discussion
Oscillations of the inner sphere cause circulation in the meridional plane of the flow [6, 9] . The circulation is similar to that at a constant rotational speed [7] , but periodically varies with a double modulation frequency. The evolution of such flow in time before it loses its stability has already been well studied (see e.g. [6] ). The flow structure was determined by the form of the azimuthal vorticity component [10] in the meridional plane ω φ : The attenuation decrement of the azimuthal velocity in the radial direction increases with increasing f until loss of stability [9] . This leads to a decrease in M out (i.e., in the amplitude of the friction torque transferred to the outer sphere). Near the stability limit (both before and after it), the flow is symmetric with respect to the rotation axis and equatorial plane. All flow parameters vary with frequencies f or 2f. Following [8] , supercritical values of Re were used as initial conditions. The stability limit was determined by decreasing Re at f = const according to the form of the flow structure, magnitude of M out , and ratio E ψ /E φ (where Our results demonstrate that, after the loss of stability, unsteady toroidal structures are formed in the flow near the equatorial plane. Their characteristic size decreases with a decrease in L and the meridional circulation (MC) is pushed back to the poles. In the case of long waves (1.66 ≤ L≤ 4), the thoroughly studied Taylor vortices are formed at the stability limit. Their direction of rotation is opposite of the MC direction ( Figure 1 ). The formation and decay of the vortices occur with hysteresis. At L≤ 2, the vortices exist during the whole oscillation cycle. At L = 4, the vortices are observed during almost the whole cycle, with the exception of two small intervals when Ω 1 (t) approaches A (0.075 < tf < 0.177 and 0.581 < tf < 0.676, where t is the time from the beginning of the oscillation cycle, the left boundaries of the intervals correspond to the decay of vortices, and the right boundaries correspond to the beginning of the formation). At L = 3, the vortices observed in the region of the maximum of Ω 1 (t) (0.12 < tf < 0.3 and 0.6 < tf < 0.8). The Taylor vortices change their configuration during the oscillation period: during the formation, they are expanded in the radial direction; by the instant of decay, the dimensions in r and θ are close. The stability limit for Taylor vortices has a minimum at 1.66 ≤ L ≤ 2 ( Figure 1 ). Taylor vortices are also observed at L = 1.33. In this case, however, they are formed above the stability limit: the leftmost square in Figure 1 (Re = 91.1) and squares in Figure 2 . At the same time, the flow is stable at Re ≤ 80.9. Thus, at L = 1.33, the transition to Taylor vortices is preceded by another type of instability. This type of instability is observed in the interval of intermediate wavelengths 0.67 ≤ L ≤ 1.33 (triangles in Figures 1, 2) .The structure of the secondary flow in this case is shown in Figure 3 . The direction of the
